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Abstract _ A new scheme is presented for the representation of objects for the rapid de-
tection of collisions in a dynamic three-dimensional environment such as when a proposed
path for a robot-carried object is tested for collisions with obstacles along the path. The
successive spherical approximation (SSA) representation provides a representation scheme
which allows rapid collision detection while still providing for the exact representation of
dynamic objects. The hierarchy of representation levels is based on the subdivision of a
sphere. The degree of approximation of the SSA representation decreases as the scheme tra-
verses down the representation tree. The creation of the SSA representation is illustrated us-
ing an object database containing boundary representations. The use of the SSA hierarchical
representation for the rapid and exact collision detection between three-dimensional objects
and the environment is shown by considering the collision detection problem between
stationary and moving objects. It is shown that there is little additional cost incurred by al-
lowing changes in position and orientation of the objects. The contribution of the SSA
representation is that it leads to a time-efficient, hybrid collision detection scheme.

I. INTRODUCTION

Collision detection is a subset of the robot path planning problem in which a given path for an
object through the robot workspace is tested for collisions with the obstacles in the workspace.
Many representations of the environment have been used to facilitate the collision detection pro-
cess. These include sweep representations, constructive solid geometry, boundary representations,
cell decompositions and spatial occupancy enumerations [Hayward, 1]. Of these, a form of spatial
occupancy enumeration, in which the robot environment is divided into a hierarchy of mixed, full,
and empty nodes has been most popular. In these methods, the environment is mapped into the
joint space of the robot, allowing a path to be determined by maneuvering a point through the
hierarchical model of the modified space [Lozano-Perez, 2]. Octrees have been found to be an
effective method for this type of solution in 3-D [Faverjon, 3], although other representations have
also been used [Brooks, 4; Gouzenes, 5]. There are two fundamental problems with these
methods. The fftrst is that the computational complexity required to find a path is extremely high,
resulting in several hours of computing time for a single path. This is magnified by the need to
recreate the space in the event of a change in the environment, a frequent occurrence in a dynamic
robot workcell. The second problem is in the loss of intrinsic information caused by the conversion
from the operational space of the robot to the joint space. Computation of the shortest path is
computationally impractical and the use of heuristic reasoning to guide path planning decisions is
severely limited.

Attempts to perform collision detection in operational space have been hindered by the lack of a
good representation. There are two types of collision detection required for path planning in opera-
tional space: the swept volume method and the incremental method [Leu, 6]. The swept volume
method examines the intersection of the volume swept by the object over the path with the volumes
of the obstacles [Pennington with others, 7].

This method is hindered by the difficulty involved in creating the three dimensional swept vol-
ume of the object and in the limitations placed on the allowable orientation changes of the object
over the path. The incremental method performs collision detection at incremental locations along a
path, thus allowing orientation change [Meyers and Agin, 8]. However, the underlying difficulty
with this method is in the determination of increments which minimize the computational effort
required to test multiple points of intersection and still guarantee a safe path. Incremental collision
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detection can be expanded to provide path planning via the use of a generate-and-test philosophy in
which a part of the path can be altered to avoid a collision. Another form of path planning in op-
erational space involves finding a path through obstacles by assigning potential fields to the objects
and then finding a path which minimizes the degree to which they repel each other [Khatib, 9]. A
variation on this technique uses sensing in the robot to repel obstacles as it makes its way through
the robot environment [Lumelsky, 10]. These methods provide a rapid means of finding a path in
an uncluttered environment, but they are hindered by an inexactness in the representation of the
objects, a tendency toward deadlock and cycling, and no guarantee of a reasonable path.

The successive spherical approximation (SSA) representation provides a representation scheme
which allows rapid collision detection, while still providing an exact representation of dynamic
objects. The representation can be used to perform both swept volume and incremental collision

detection, but the hierarchical nature of the representation favors a hybrid detection process which
uses elements from both approaches. In addition, SSA allows the exploitation of human three-di-

mensional conceptual knowledge. This makes the SSA representation ideal for use in a generate
and test path planning situation.

Level 0 Level 1

fi

Fig. 1

Level 2 Level 3

SSA representation hierarchy of a convex planar object. (2-D depiction)
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An SSA representation of an object is made up of a hierarchy of representation levels based on
the division of an object encircling sphere into spherical sectors, as depicted in Figure 1. The most
coarse approximation is a pair of spheres with a common center. The outer sphere contains the ob-
ject and the inner sphere is contained within the object. The next finer approximation is formed by
dividing the spheres into spherical sectors defined by the object faces. Each segment is assigned an
inner and outer radius based on the geometry of the face. The third, most refined, approximation is

formed by the further division of those spherical sectors which provide an inadequate rep-
resentation of a face. The final level of the approximation hierarchy is composed of the planar sur-
faces of the faces of the object itself, an exact representation. As is illustrated in this paper, the
hierarchical nature of the SSA representation levels allows for rapid and exact collision detection
between three-dimensional objects in a robot workspace with little additional cost incurred by
changes in position and orientation of the objects.

The following sections introduce the SSA representation hierarchy in detail by describing how
the SSA is created from an object database containing boundary representations. Next we show
how collision detection can be accomplished between stationary objects. Using these techniques,
we then present a collision detection scheme for an object moving along a straight line path within a
robot environment. Finally, we discuss the applicability of SSA to the generate-and-test path
planning problem in a robot workcell environment.

II. CREATING THE SSA REPRESENTATION

The following section details the creation of the representation from a CAD-like database con-
taining boundary representations of convex planar objects. In addition, we assume the representa-
tion includes the location of the center of mass (centroid) of each of the objects with respect to
some world coordinate system and the locations of the object vertices specified with respect to its
centroid. We define object edges by a unit direction vector and a vertex and object faces by a unit
normal vector and a vertex.

A. Level 0 : Object Bounding Spheres

The most approximate level involves the determination of outer and inner spheres bounding
spheres having a common center. Although any center may be used, we use the location of the

centroid because it is commonly available in object representations used for robotics applications.
The radius of the outer sphere of a convex planar object is the maximum of the distances from the
object center to the vertices of the planar faces. The radius of the inner sphere is the minimum of
the minimum distances from the object center to the faces of the convex planar object.

B. Level 1: Facial Bounding Spheres

The spherical coordinates of each vertex, relative to the object center C, is denoted by (a, 13,r).
The facial sphericai approximation assigns inner and outer radii to a spherical sector defined by the
spherical coordinates of the vertices of a face. The rectangular scope of each facial spherical sector

is determined by the range of ct and 13swept by the face as shown in Figure 2. The inner and outer
radii of the spherical sectors are determined by the same method used to determine the radii of the
bounding spheres for level 0, but only the distances for the desired face are used.

Note that the use of ranges does not give an exact angular sweep of the face but a rectangular
shaped sector. However, since this is an approximation, the loss of precision caused by the use of
the rectangular sectors is outweighed by the savings in computational complexity over a more

precise representation. (Care must be taken when assigning ranges if the 13-axis passes through or

touches the face, or if c_changes from -n to +_.)
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Fig. 2. Rectangular scope of facial sector: range of et and 13.

C. Level 2: Approximate Subdivision of a Face

Depending upon the collision detection technique chosen and the geometry of the faces of the
object, further division of some faces, especially large ones, may be desired. This further division

may be done in many ways. To obtain an approximation which further refines the level 1 repre-
sentation, we use the following technique (illustrated in Figure 3 for a typical planar face).

. Define the base point, B(ctB, 13B,rB), as the point where the face is closest to the object center,
C. Let Di be the distance from C to vi. Define directed lines li which originate at B and pass
through each of the vertices vi on the face. Let INC be the radial increment and let n be the in-
dex of the increment.

Perform steps 2 through 4 to find Snij until dni exceeds Di, the distance to vertex vi, for all i.

2. Find a point Qni on each of the lines li for which

Qni = (Ctni, _i, dni), where dni = RB + n INC.

3. For each pair of adjacent vertices vi and vj, define the subface by the four points [P(n-1)i,
P(n-l)j, Phi, Pnj] •

4
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.

If dni < Di then Phi = Qni • Otherwise, Pni= vi •

Set (ani, 13ni,rni) =Pni.

Find spherical sectors Snij for each subface. The radii are given by

rnij = minij{r(n.1)i, r(n-l)j}, and Rnij = maxij{Rni, Rnj} .

The ranges for these spherical sectors are

min{a(n-1)i, a(n-1)j, ani, Ctnj} < cqj < maX(_n.1)i, a(n-1)j, C_ni, anj} ,

min{_(n-1)i, _(n-1)j, 13hi,13nj} < 13ij< max{13(n.1)i, 13(n-1)j, 13ni, _j} •

a) Steps 1 and 2 b) Steps 3 and 4

C -'a'_ j _"" " ctr

c) Step 5

Fig. 3. Approximate subdivision of a face.
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5. Since S lij all intersect at a common point, B, they can be combined into one central rectangular
sector, Sctr, as follows:

then

rc_ = rB , and Rctr = rB + INC ;

minij{alij} < _tr < maxij{alij} ,

minij{_lij} < _ctr < maxij{_lij} •

This procedure creates a series of spherical sectors which more closely covers the surface of
the object than do the facial bounding spheres. Note that each of the spherical rectangles overlaps
each other. Within each overlap, the approximation by one spherical rectangle may be poor, but not
by both. Thus, the desired covering is achieved. This is an example of our decision to give up
some precision in the approximation to reduce the computational complexity of the tests. The
degree of approximation depends upon the method of collision detection employed as discussed in
the next section.

D. Level 3: Faces

If the above approximation levels fail to conf'n'm a suspected collision, they do identify the

specific faces of the objects which may be involved in a collision. If the intersection of the planes
containing these faces intersect within the bounds of the faces, then there is a collision.

These SSA levels can now be used to find coUisions between the objects. Note that the above
procedure is done only once prior to invoking the collision detection process. The basic structure
of the SSA representation does not change as the object moves throughout the workspace since the
SSA representation is defined relative to the centroid of each object. Updates to the angle ranges
and face definitions due to motion of the objects in the workspace are performed only when they
are required to detect collisions. Because of the angle-based spherical division, changes in orienta-
tion are handled directly. Also, the SSA can potentially be used to represent objects of more com-
plexity than convex planar objects without changing its basic structure or use.

III. COLLISIONS

Once the SSA representation is created, collision detection proceeds for the objects in the
workspace. First, we consider collisions between two stationary objects and then we treat colli-
sions when one object is moving along a straight line path.

A. Point Collisions

Point collisions can occur between two stationary objects modeled using SSA techniques. A
collision is determined by comparing the overlap between each level of the representation. Point
collisions are used by incremental collision detection strategies to ascertain an exact collision at a
specific point in time between moving objects.

Determining point collisions using SSA techniques requires the computation of the base line
dB, the line between the centers of the two objects. The length of this line determines the distance
between the objects and the degree of overlap at each level. The direction of the base line from the

center of each object determines which part of the SSA representation is potentially involved in a
collision.

At the bounding sphere level, level 0, the length of the base line, dn, is all that is required to
determine one of the three possible outcomes which occur at all levels. As illustrated in Figure 4, if
dB is greater than the sum of the radii of the outer spheres, there is NO COLLISION. If dB is less
than the sum of the inner spheres, there is a COLLISION. If the distance is somewhere between
the two sums, the result is UNKNOWN, and the next level must be used to determine a collision.
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At the facial level, level 1, the faces to check are determined by the spherical location of the
base line with respect to the coordinate systems of each of the objects, the length of the base line,
and the outer radii of the two bounding spheres. Figure 5 shows the relationships between these
values in determining the kite-shaped area of potential collisions between two objects. We call this
area a kite and use geometry to determine its parameters. Once the parameters have been es-
tablished, facial spherical sectors which overlap the kite are found, and their radii compared to de-
termine collisions.

R 1

d > R 1 + R2 _ NO COLLISION d < r i + r2 _ COLLISION

Fig. 4.

R 1

(
d<R I+R. 2 and d>r 1 +r 2_UNKNOWN

Static collision - level 0, bounding sphere level possibilities.

To minimize the computational effort needed to get all the collision information from the kite,
the orientation of the two spherical representations of the faces must coincide. This allows values

of ct and 13to be transferred easily from one side of the kite to the other. This is accomplished sim-
ply by requiring the spherical coordinate system for each object to be aligned with a common world

spherical coordinate system. When the orientation of an object changes, only the sweep ranges of a

and 13must be updated. This is done by updating the spherical coordinates of each object vertex
with respect to the center and recalculating the ranges from the vertices of each face. Note that any
vertices involved in checking collisions between the planar faces must be updated to recalculate the
face definitions.

Once the orientations of the objects have been aligned, the kite between the two objects is es-
tablished by defining a base range for each object. To facilitate comparisons, the range is def'med in

terms of the offset 8 from the base angles. The base range also includes the outer radius of the

object sphere, and the projection of the radius n onto the base line. Let the cartesian representation
of C1 = (Xl, Yl, Zl) and C2 = (x2, Y2, z2).Then the base parameters are determined as follows:

7



w

A Representation Scheme for Rapid 3-D Collision Detection: Bonner and Kelley

albase--arctanlY2" }tl )x2 Xl '

"4 (y2 - yl) 2 + (x2- xl) 2
_lbase = arctan

z2- Zl )

81base = arccos ( R12 + dB2- R22 )2RldB

nlbase = dB - R2 cos (52base) •

R 1

z 1

_ase d

w B

,****_nlbas. _ e -B

y*** O_lb ase_

X 1

z2

R

_2base

_2base ({_ Y2

n2base _,_*

j,

o O_2base

,p

x 2

Fig. 5. Static collisions - level 1, facial bounding sphere level: def'mition of kite and its parameters

The next step is to f'md the spherical sectors in the objects which intersect the base range. This
is done by redefining the angles swept by each spherical sector in terms of the base line and a pair

of offsets, 81j and 82j, and determining whether the offsets overlap the base range. However, in
order to be c6nsisten_ for comparison purposes, the difference may need to be adjusted by +_2x. A
mAn-max technique is used to determine whether the newly defined ranges intersect the base range:
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6minj = rain{81j,82j,8base,-_base} ,

8maxj = max[{81j,52j,8base,-Sbase};

if (Sminj> 8maxj) then NO OVERLAP.

If there is an intersection, then 8mini and 8maxj give the range for the overlapping spherical sector.

Note that 81 and $2 must be determined and the overlap found for both a and 13in order for an
intersection to occur. Once an intersecting range has been determined, the corresponding range on
the other object must be calculated and the distances compared. The offset angles are transferred

across the kite using simple trigonometry. When a's are transferred, the range must be negated and

reversed. B transfers are straight forward unless the [Y-axis passes through the face, in which case [_
ranges are negated and reversed.

The transferred range is intersected with the spherical sector ranges within the kite to determine
the overlapping range, in the same manner as the spherical sectors were intersected with the base
range. A quick check for a collision is made at this point using the outer radii (R1 and R2) of the
two spherical sectors involved in the potential collision; if (R1 + R2 < dB) then NO COLLISION.

If this fails, we have a list of spherical sector pairs which we now compare to determine a col-
lision. Although the ranges are all within the kite, they do not necessarily contain the base line and

therefore, cannot be compared on the basis of dB. The ranges of a and _ for each spherical sector
define a range of distances where collision detection is undetermined. This range has a minimum d
and a maximum D which is determined using the trigonometry of the kite:

8d = min{SaÂ, 8c_2, 8_31, 8_32} , and d = nbase
cos(Sd) '

Using these distances {dl, D1, d2, D2} and the inner and outer radii of the corresponding
spherical sectors (rl, R1, r2, R2),we now determine whether a collision will occur:.

if [(rl -> D1) and (r2 > D2)] then COLLISION ;

if [(R1 < dl) and (R2 < d2)] then NO COLLISION.

Otherwise, the result is UNKNOWN and the next level must be used to determine a collision.

At this point, the procedure described above could be used to compare the rectangular sectors
of subfaces for the pairs of sectors for which facial collisions were UNKNOWN. However, in the
case of planar surfaces, the computational expense of finding a collision between the pairs of
planar faces (which arc now known) is small enough that the comparison of subface-approximated
spherical sectors is not warranted.

The final step is to compare the planar faces themselves and determine whether the defining
planes overlap within the bounds of the faces. Now is the time to recalculate the definition for the
required faces ff they have changed position and orientation since the last collision check.

B. Line Collisions

Line collisions are used to determine collisions between objects when one is stationary and the
other is moving through the environment along a straight line. SSA techniques determine collision-
free paths between objects to within a given degree of approximation with a reasonable amount of

speed, which naturally depends upon the approximation error allowed. They are used to easily
identify spherical sectors along a path in which a moving object can alter its orientation freely. SSA
line collisions also identify portions of a path which may require closer examination via incremental
methods and identify the faces involved.

When an object is moving along a straight line path in the environment, determination of a
collision begins by finding the point on the line Pc at which is closest to the object to be checked.
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The distance between the objects at this pointis dpc. As illustrated in Figure 6, ff dpc exceeds the
sum of the outer radii of the bounding spheres, then there is NO COLLISION for the entire path. If
dpc is less than the sum of the inner radii, then there is a COLLISION for the path. If dpc is be-
tween these two sums, the result is UNKNOWN and the next level must be consulted.

R I

dpc < r 1 + r 2 =_ COLLISION

R 1

R 1

dpc < r 1 + r2 :=_ COLLISION

rl ......... TdP _......

dpc < R 1 + R2 and dpc > r I + r2 _ UNKNOWN

Fig. 6. Dynamic collisions - level 0, bounding sphere level possibilities.

Collisions at the face level are considerably simpler for line collisions than for point collisions.
This is because the motion of the objects relative to each other prohibits an exact comparison of the

10
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spherical sector associated with each face. Instead, a cumulative spherical sector encompassing the
inner and outer radii of all spherical sectors within the range swept by the path is found for each

object. The base angles for the range (_tlbas e, I]lbase, a2base, and [32base) are determined by placing
the moving object at Pc and proceeding in the same manner as with point collisions. Once the base
range has been defined for each object, the spherical sectors are examined for intersection with it.
The inner and outer radii (re and Pc) of the cumulative spherical sector axe given by:

rc = mink{rk} and Rc = maxk{Rk} ,

where spherical sectors, Sk, are found to intersect with the base range. Collisions at this level are
determined as follows:

if (rlc + r2c -> dpc) then COLLISION ;

if (Rlc + R2c < dpc) then NO COLLISION.

If dpc is between the two sums, then the result in UNKNOWN and the next level must be used to
determine a collision.

When a collision between two spherical sectors is undetermined at the facial level, the subface
rectangular sectors are used to determine a collision. The points and angle ranges which def'me
these spherical sectors are updated as they are needed to determine collisions only if the orienta-
tions of the objects have changed since the last collision. Determination of coUisions proceeds in
the same manner as the facial level: compare spherical sectors with base range, create cumulated
spherical sectors from those which overlap, and compare radii of cumulated spherical sectors to
determine a collision.

The method described provides collision detection information over the entire path to within the
approximation error of the object representation. If more detailed information is required, incre-
mental methods (via point collisions) or swept volume methods (via swept face collisions) such as
described in the next section can be used.

IV. COLLISION DETECTION SCHEME

The following section describes a collision detection scheme which uses the power of SSA
techniques to perform complete detection between convex three-dimensional objects along a
straight line path. The method uses line collisions to determine areas of the path requiring closer
attention and point collisions on swept volumes within these areas.

A. Path Division

Line collisions are used as the flu'st step in determining a collision between an object moving
along a path and the objects in the environment. Areas for which there is no collision with any
environment objects at the bounding sphere level identify portions of the path in which orientation
changes can be made freely. The following is a technique which finds portions of the path for
which a potential collision may occur.

As illustrated in Figure 7, the interval along the line where collisions could possibly occur has
endpoints Q1 and Q2 given by:

dQ=_/rl 2 +r2 2- dpc 2 ,

Q1 =Pc+dQul , and Q2 =Pc-dQul ,

I1
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where dQ is half the length of the potential collision interval, rl and r2 are the inner radii for the two
bounding spheres, and ul is the unit vector describing the direction of the straight line path.

The above method is also used to determine the area along the path for faces, of the moving
object and faces of an environment object, which have been identified by the facial level as in-
volved in a potential collision. This is accomplished by assigning rl and r2 the values of the cumu-
lative radii of the faces involved. These points are limited further by the endpoints of the path.

Once the potential collision points have been determined, a new volume is formed by sweeping
a face of the moving object between the points and using SSA techniques to perform point collision
detection. We call this technique swept face collision detection.

Fig. 7. Dynamic collisions - level 1, facial bounding sphere level: range of possible collision
points.

B. Swept Face Collisions

SSA swept face collisions take over for the segments which are undetermined after the line
detection strategy. At the conclusion of line collisions, we have a list of face pairs, which are in-
volved in a potential collision, and a pair of endpoints which determine the range over which these

points may collide. At this stage, point collisions could be used at intervals between the endpoints
to determine a collision, however, it is difficult to determine what interval to use and guarantee a
collision free path. Instead, we consider collisions between each face pair individually and use
SSA techniques to determine if a collision occurs.

Swept face collision detection for a pair of faces starts at the point Pc where the two objects are
closest along the path. If the outer radii of the segments do not intersect at this point, there is no
collision regardless of the angles swept by the segments. If there is an overlap, a volume is formed
by sweeping the payload face and comparing it to the stationary face of the obstacle. First the limits
of the sweep which provide an area of potential collision are found. The points along the line at
which the spheres fin'st overlap are determined and the limits of the faces are examined to determine

a segment of possible collision along the path. Portions of the path with coordinates outside the
intersection are eliminated. The volume swept by the payload face is determined by forming a
convex polygon from the positions of the vertices of the face at each of the endpoints of the path. If
the direction of the sweep is perpendicular to the face normal, then the swept object degenerates to
a swept face. This special case is handled by ffmding the boundaries of the face and comparing it to
the stationary face of the obstacle.

In order to model the swept volume using SSA techniques, we must determine a reasonable
center, such as the centroid of the volume, and create a representation as described in section II. An

12
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SSA model based on this center is then created and a modified version of point collisions used
between the swept volume and the object face to determine a collision. Because point coUisions are
used, the representation need not include the time consuming approximate subdivision of the faces.
In addition, the planar face definitions are not created until they are required for the calculation of a
planar intersection. Once the representation has been created, point collisions are used to determine

an intersection between the swept volume of the payload face and the single face segment of the
obstacle.

V. PATH PLANNING

The rapidity with which collision detection can be done in three dimensions using SSA tech-
niques makes it a practical method for use in planning collision free paths in operational space. A
generate and test strategy requires many path iterations before a final path is determined, and
therefore, needs a fairly rapid method of detecting path collisions. In addition to providing this, the
SSA representation and our collision detection scheme give valuable information needed to make
intelligent path modifications.

Some of this information can be derived directly from the collision detection process. For ex-
ample, when detecting line collisions, the scheme identifies portions of the path where orientation

changes can be made and path modifications may be required. The angular nature of the SSA rep-
resentation also provides clues for possible intelligent modification of payload orientation, which
aids path planning in tight spots.

Much of the research associated with path planning has been centered around the determination
of a collision space of the robot. These methods give an exact determination of a path for a

complex robot in a static environment. The cost of obtaining this exact path is in the extremely
large amounts of time required to plan and, hence, this approach is unsuitable to dynamic envi-
ronments. Operational space methods using a generate and test philosophy are not guaranteed to
find a path in a very difficult situation. They also necessitate the additional iterative expense of ex-
ploring the collisions of each robot link after a path for the payload has been determined. However,
we feel that our collision detection strategy will find a reasonable path through a realistic robot
workcell environment in an acceptable amount of time. We expect it will be useful to solve prob-
lems in planning, with possible support from a C-space technique for "snapshots" of difficult situ-

ations, and in on-line path determination. Its ability to function in a dynamic 3-D environment may
also be applicable to path planning situations with more than one moving object.

VI. CONCLUSIONS

In this paper, we have introduced a three-dimensional method of representing objects and il-
lustrated its usefulness in quickly detecting collisions in a dynamic environment. Using the de-
scribed SSA representation hierarchy, we are able to determine exactly if a given path for a convex
three-dimensional object causes a collision with three-dimensional objects in its environment.
Preliminary testing on a 68000-based computer indicates that the bounding sphere check takes less
than 1 second per environment object along the path. The typical time to test a path is ap-
proximately 5 seconds for each object requiring processing beyond the bounding sphere level. The
time for a worst case, a near miss, is less than 20 seconds; typically, the time for detecting an
object collision is 2 seconds versus 10 seconds for non-colliding objects with indeterminate
bounding spheres.

The SSA representation is significant because it is inherently three-dimensional and dynamic,
making it well suited for modelling objects which are to be manipulated in a robot workcell. The

SSA representation provides a useful, time conservative tool for use in a generate-and-test strategy
for determining collision free paths. It provides a rapid method of collision detection in operational
space and, thus, provides additional information which is useful for intelligent path modification.

13
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